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Abstract Sustained oscillations in the membrane poten-
tial have been observed in a variety of cellular and sub-
cellular systems, including several types of non-excitable
cells and mitochondria. For the plasma membrane, these
electrical oscillations have frequently been related to
oscillations in intracellular calcium. For the inner mito-
chondrial membrane, in several cases the electrical oscil-
lations have been attributed to modifications in calcium
dynamics. As an alternative, some authors have suggested
that the sustained oscillations in the mitochondrial mem-
brane potential induced by some metabolic intermediates
depends on the direct effect of internal protons on proton
conductance. Most theoretical models developed to inter-
pret oscillations in the membrane potential integrate sev-
eral transport and biochemical processes. Here we evaluate
whether three simple dynamic models may constitute
plausible representations of electric oscillations in non-
excitable membranes. The basic mechanism considered in
the derivation of the models is based upon evidence
obtained by Hattori et al. for mitochondria and assumes
that an ionic species (i.e., the proton) is transported via
passive and active transport systems between an external
and an internal compartment and that the ion affects
the kinetic properties of transport by feedback regulation.
The membrane potential is incorporated via its effects on
kinetic properties. The dynamic properties of two of the
models enable us to conclude that they may represent
alternatives enabling description of the generation of
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Introduction

Periodic modifications in plasma membrane potential con-
stitute the physical basis for the properties of neural and
muscular tissues. Oscillations in the electric potential dif-
ference across membranes can also be observed in a variety
of other cellular systems, for example pancreatic beta cells
(Magnus and Keizer 1998; Bergsten 2002; Manning Fox
et al. 2006; Nunemaker et al. 2006), HeLa cells (Tilly et al.
1990), macrophages (Hanley et al. 2004), lens epithelial cells
(Thomas et al. 1998), cultured fibroblasts expressing the
Ha-ras oncogene (Lang et al. 1991), mitochondria (Vergun
etal. 2003; Cortassa et al. 2004; Vergun and Reynolds 2004;
Hattori et al. 2005), and unicellular organisms (Bauer et al.
1999). In many cases these electrical responses take the form
of sustained oscillations associated with oscillations in
intracellular calcium, as occurs, for instance, in the beta cells
of the islets of Langerhans in response to increases in
extracellular glucose (Manning Fox et al. 2006; Nunemaker
et al. 2006). Depending on the particular cell type, diverse
other factors may promote oscillations in the cell membrane
potential (e.g., ATP (Hanley et al. 2004), bradykinin (Lang
et al. 1991), histamine (Tilly et al. 1990), acetylcholine
(Thomas et al. 1998), and xanthines (Bauer et al. 1999)). In
isolated mitochondria oscillations in the electric potential
difference across the inner membrane (V,,,) may be triggered
by Ca®" (Krippeit-Drews et al. 2000; Vergun and Reynolds
2004; Chalmers and McCarron 2008) and by malate or
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succinate (Hattori et al. 2005). A proposed mechanism for
the oscillations in V,;, in mitochondria assumes a direct effect
of mitochondrial pH on the proton conductance of the inner
membrane (Hattori et al. 2005). Theoretical studies of
membrane potential oscillations have been developed for
pancreatic beta cells (Magnus and Keizer 1998) and for
mitochondria (Cortassa et al. 2004) by use of explicit models
integrating several transport and biochemical mechanisms.

The purpose of this study was to evaluate whether some
simple dynamic models may constitute plausible repre-
sentations of membrane potential oscillations in non-
excitable membranes. In essence, the models are based on
the findings and interpretations described by Hattori et al.
(2005) for mitochondria and assume that the passive and
active transport of a single ionic species (e.g., the proton)
across a membrane is essentially responsible for the elec-
trical oscillations. As the basis for oscillatory behavior the
models do not assume the presence of voltage-gated
channels, characteristic of excitable cells, but the direct
effect of the transported ion on the transport kinetics. The
first model considered (Model 1) is directly based on the
interpretation of Hattori et al. (2005) of their experimental
findings and assumes the existence in the inner mitochon-
drial membrane of a proton channel that transits from a
closed to an open state in response to matrix alkalinization.
The second model (Model II) is a continuous version of the
discrete Model I and assumes that the increase in intra-
mitochondrial proton concentration is capable of inacti-
vating the proton channel. Model III is also a continuous
model that, from a formal point of view, is similar to the
classical Higgins model developed to interpret oscillations
in biochemical systems (Higgins 1964, 1967). The mem-
brane potential is incorporated via its effects on some
kinetic properties. From the analysis and numerical simu-
lations we conclude that Models I and III are capable to
represent oscillatory behavior, whereas Model II is not. In
Models I and III, the induction of oscillations is achieved
under conditions that mimic the participation of effectors
(i.e., energetic metabolites), as reported by Hattori et al.
(2005). We conclude that these models are consistent with
available evidence and may well constitute minimal mod-
els capable of representing sustained oscillations in the
membrane potential of non-excitable cells associated with
the transport of a single ionic species.

Dynamic models

General characteristics of the mechanisms of cation
transport

As mentioned above, the models introduced here are based
upon the findings of Hattori et al. (2005, henceforth referred
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to as HWU) about the occurrence of membrane potential

oscillations in single isolated mitochondria. According to

these authors, the essential oscillatory behavior solely

requires the interaction of two processes of proton transport

across the inner mitochondrial membrane:

1 proton pumping by intermediates of the respiratory
chain, and

2 passive entry of protons by a conductance path sensitive
to pH modifications.

The transport model employed here to derive the
mathematical models follows these basic ideas (Fig. 1). In
essence, we consider a non-excitable membrane containing
the systems responsible for the active and passive transport
of a single cationic species (e.g., the proton). Although
every step of the overall process is reversible, we assume
here that the membrane potential-independent section of
the model operates in an irreversible fashion. For Model I,
we consider the ion to be transported from the external
compartment (at concentration x,) to the internal com-
partment (at concentration y) in a one-step process. For
Models II and III, this passive transport of the cation occurs
in a two-step process (Fig. 1a), where it is first transported
by system 2 from the external compartment (at concen-
tration x,) towards an intermediate intra-membrane state
(at concentration x) and then from this intermediate state
towards the internal compartment (at concentration y) by
system 3. System 1 pumps the cation from the internal
towards the external compartment and is the cause of the
irreversible operation of this section. We assume that the
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Fig. 1 Diagram of the ion transport processes across the membrane.
a The ion is transported from the external compartment (at constant
concentration x,) to the internal compartment (at variable concentra-
tion y). Through the paths on the left of the scheme (/ and EL), the ion
is directly transported between the two compartments. Through the
path on the right, the ion can be transported by a one (Model I) or
two-step (Models II and III) process, x being an intermediate state
between transport steps 2 and 3. Paths I, 2 and 3 are electroneutral;
EL denotes an electrogenic path. b A possible mechanistic model of
the events represented by the scheme in a. Paths / and EL could
correspond to active transport systems driving the ion from the
internal to the external compartment. The intermediate state x could
be the consequence of the existence of a membrane compartment
acting as a vestibule for the ion, as has been suggested for several
ionic channels (see main text)
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other pumping system, EL, functions reversibly. The
external concentration of the cation (x,) is a parameter. The
total membrane densities of the transport proteins are
implicitly considered to remain constant. The concentra-
tion of the intermediate state (x), the internal concentration
(v), and the electric potential difference across the mem-
brane (V,,) represent the dependent variables. In this
respect, we assume that V,, is only determined by the
transport of the cation by the electrogenic system (EL).
Attempts to obtain oscillatory behavior of Model III by
incorporating the voltage dependence solely on the basis of
the kinetic properties of systems 1 and 3 were unsuccessful
(not shown). Figure 1b shows a possible mechanistic
counterpart to the kinetic scheme of Fig. 1a. For the case of
proton transport across the inner mitochondrial membrane,
both systems 1 and EL would correspond to proton-
pumping sites of the respiratory chain (Nicholls and Budd
2000). The intermediate state x could be determined by the
existence of a wide vestibule at the external site of the
channel (Aidley and Stanfield 1996). “System 2” would
thus correspond to cation diffusion from the external
compartment towards the channel vestibule. As mentioned,
the existence of the corresponding putative proton channel
has been proposed by HWU in agreement with their
experimental evidence. It should be noted that the sche-
matic model shown in Fig. 1 is not intended to constitute a
minimal representation of the diverse aspects of energy
coupling in membranes, a rather complex matter analyzed
elsewhere (see, for instance, Nicholls and Ferguson 2002),
but to suggest a basic mechanism for the generation of
electrical oscillations in this type of membrane.

All the models studied here consider the existence of a
feedback effect of the transported ion on the ion con-
ductance. This assumption is based upon the finding by
HWU of pH regulation of the proton influx towards the
mitochondrial matrix. Feedback modulation by the trans-
ported ion has been encountered in several proton chan-
nels (Decoursey 2003) and also in a wide variety of
calcium channels (Lee and Catterall 2005), a fact that
makes it possible that models similar to those developed
here could also be considered to account for calcium
oscillations.

Incorporation of the membrane potential

As mentioned above, we have assumed that the processes
mediated by transport systems 1, 2, and 3 (Fig. la) are
independent of the membrane potential and that an acces-
sory electrogenic process (EL) operates reversibly, trans-
porting the ion between the two compartments. The ion
flux mediated by this system is:

Jion = uxo — ny. (1)

The kinetic parameters u and u are affected by the
electrical potential difference across the membrane (V,,
defined as Vgyusidze — Vinsiae) according to the relationships:

= pgexp (FVm/2RT)
n =mnyexp (—FVy/2RT)

where p and 7 are V,-independent and where F is Far-
aday’s constant, R the gas constant, and 7 the absolute
temperature (310 K).

Assuming that EL operates in an overall electroneutral
fashion, we calculated the membrane potential difference
after each time step of the numerical integration process
employing the equation (Hernandez et al. 1989; Hernandez
2003):

Vi = (RT/F) In (n0y/ ptoxo) ()

In general, the rate of change of y (dy/dr) would be given
by:

dy/dt = F +  (uxo — ny),

where the function F depends on the particular model
considered and where / is a parameter. For the cases
analyzed here, the electroneutral condition implies that the
term u x, — iy is nil (cf. Egs. 1 and 2) and therefore does
not affect the dynamics of y.

Finally, we considered that 7 is a function of the con-
centration of an energetic metabolite M (e.g., malate or
succinate) according to the equation:

Ho =no + mM (3)

where ny and n; are parameters.
Model 1

As mentioned above, this model is directly based on the
mechanism of generation of electrical oscillations in
mitochondria suggested by HWU. On the basis of their
experimental evidence, these authors proposed that proton
entry is mediated by a channel that opens in response to
matrix alkalinization caused by enhanced proton pumping,
in turn determined by incorporation of M in the incubation
medium. The simplest dynamic model describing this
mechanism is:

dy/dt = a — dy, 4)

where o and J are parameters representing the rates of
proton entry and proton pumping, respectively. As already
mentioned, this model must account for the effect observed by
HWU in response to incorporation of additional metabolites
(e.g., malate or succinate) in the experimental medium. For this
purpose, we assumed that o« and 6 have the following
dependences on the threshold concentration of y (yg,) and on
the concentration of the added metabolite (M):
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Fig. 2 Kinetic diagrams describing a pump coupling the transport of
the cation to the reaction S < P (a), a channel activated by y (b), and
a channel inactivated by y (c). Ng and Nllj are intermediate states of the

o= (o + o1 )Xo
0=0¢+o0 M (5)
If y<ym, o1 = o if y>yp, o1 = 0.

In Egs. (5), oo, o}, do, and &, are parameters. For a,
Egs. (5) imply there are two components of proton con-
ductance, one insensitive to pH changes (¢g) and the other
triggered by matrix alkalinization (o). Similarly, the cation
pumping rate () has two components, only one of which
(91) is related to the effect of the metabolite M. Depending
upon the values of the parameters, Model I may behave as
follows. From Eqgs. 4 and 5, if M # 0 and y is larger than
the threshold value (yg,), y will decrease until it reaches yy,.
At this point, the additional proton conductance provided
by the term ! is triggered and y increases until it balances
the pumping term. When this occurs, a new cycle begins.
The model may thus behave in accordance with HWU’s
interpretations of their experimental findings. It should be
noted that in Model I the term for active transport of the
cation does not include saturation effects.

Model 11

This model represents an attempt to obtain a continuous
and more general version of the discrete Model 1. For this
purpose we have assumed that y affects the transport sys-
tem 3 (Fig. 1a) by negative feedback regulation and that
the transport system 1 exhibits saturation kinetics. In
Appendix 1 we derive the expression for active transport of
the cation from analysis of a simple kinetic model of a
cation pump (Fig. 2a). A decrease in y (i.e., matrix alka-
linization) would cause an increase in proton channel
activity, as assumed for Model I in an all-or-none fashion.
Under these assumptions, the mathematical model gov-
erning the velocity of change of x and y is:

dx/dt = o — [fix/ (1 + ¢y)]
dy/dt = [Bx/(1 + @y)] — [6y/(1 + py)]. (6)

where o, f8, 7, 9, and ¢ are parameters and where we have
employed a simple kinetic expression to account for the
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enzyme (a); N,*, N, and N, are intermediate states of the channels
(b and ¢); ugy, V10, U10, and vo; (a), and p, g, 1, s, ko1, Lio, k1o, and Iy,
(b and c) are true rate constants

negative feedback effect of y on the flux mediated by
system 3. In Appendix 2 we derive this expression from
analysis of an explicit kinetic model of channel inactivation
(Fig. 2c).

A non-dimensional version of the model given by Eq. 6
can be obtained by introducing the definitions:

m = yx

n=7yy

k= (po/oy) /(6 — oy + agp) (7)
r=20/(u)

T = O(’))l

From these definitions, Model II (Eq. 6) can be
transformed into the following non-dimensional model:

dm/dt=1—km/(1 +n)
dn/dt = km/(1 +n) —m/(1 +n). (8)
The steady state (m*, n*) is given by:

m" = (r/k)/(r = 1)

W= 1(r- 1) (9)
From Eq. 9, the physically meaningful solutions require
that £ > 0 and r > 1. Stability analysis of the non-dimen-
sional version of Model II is performed in Appendix 3.

From this analysis, we conclude that Model II is not
capable of exhibiting oscillatory behavior (cf. Eq. 27).

Model III

For this model we assumed that y affects transport system 3
(Fig. 1a) by positive feedback regulation and that, similarly
to Model II, transport system 1 exhibits saturation kinetics.
Under these assumptions, the mathematical model gov-
erning the velocity of change of x and y is:

dx/dt = o — Sxy.
dy/dt = Bxy — [0y/(1 +yy)] (10)

where o, f§, 7 and J are parameters and where we have
employed a simple kinetic expression to account for the
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positive feedback effect of y on the flux mediated by sys-
tem 3. In Appendix 2 we derive this expression from
analysis of an explicit kinetic model of channel activation
(Fig. 2b). It should be noted that the dynamic model given
by Eq. 10 is formally similar to the classical minimal
Higgins Model, developed to describe glycolytic oscilla-
tions (Higgins 1964, 1967; McDonald 2003).

We considered that o, f8, 7, and 6 have the following
dependences on the external concentration of the cation
(x,) and on the concentration of the energetic metabolite
(M), respectively:

o = KXo,

B = bo/x%:+biM/x2 (11)
Y = co/%o + 1M /x,

0 =do/xo + diM/x,,

where x, by, by, co, c1, dy and d, are parameters. The effect
of M on ¢ is analogous to that considered for Model I (cf.
Eq. 5) and consistent with the expression for the active flux
obtained from analysis of a simple model of a cation pump
(cf. Eq. 21). The effect of x, on J and 7 is consistent with
Eq. 21. It should be noted that, following the interpretation
of HWU, this effect has not been considered for the case of
Model I. For the numerical simulations we assumed that ¢,
is negligible and, consequently, that M does not signifi-
cantly affect y, an assumption that provided a better
numerical approximation to the experimental evidence.
The effect of M on [ is arbitrary and has also been intro-
duced to obtain a better approximation to the experimental
results. The dependence of f on x, enables introduction of
the effect of alkalinization on cation conductance, similarly
to that considered in Model I to account for the experi-
mental evidence (cf. Egs. (5)).
The steady state (x*, y*) of Model III is given by:

X = (0 -m)/p
¥ = /(5 - o). (12)

A non-dimensional version of Model III can be obtained
by introducing the following definitions:

m=yx

n=7yy

k= p/(0?) (13)
r=90/(ay)

T = oyt

From these definitions, the model given by Eq. 10 can
be transformed into the following non-dimensional model:

dm/dt =1 —kmn
dn/dt = kmn — rn/(1 +n). (14)

STAB:N
OSCIL: Y

STAB:N
OSCIL: N

N - _

T
0,0 0,5 1,0 15 2,0 2,5 3,0 3,5 4,0
logr

Fig. 3 Stability diagram of Model III. The plot shows the stability
regions as functions of the non-dimensional terms k and r (Eqs. 13—
15).Curves I and III correspond to the solutions of 4 = 0 whereas
curve I corresponds to the solution of 0 = 0 (Eq. 28). According to
the dynamic behavior, the plane (k, r) has been divided into four
regions, each one displaying the existence (Y) or non-existence (N) of
stability (STAB) and oscillations (OSCIL)

The steady state (m*, n*) of the non-dimensional version
of Model III is given by

m' = (r—1)/k.
n=1/(r—1) (15)

From the above, the steady-state expressions for the
original variables (Eq. 12) can be alternatively obtained by
employing Eqgs. 13 and 15. Inspection of Eq. 15 reveals
that a physically meaningful solution requires k > 0 and
r>1.

Stability analysis of the non-dimensional version of
Model III is performed in Appendix 3. From these studies
we conclude that Model III is capable of exhibiting oscil-
latory behavior over a significant range of values of k and r,
as emerges from inspection of the stability regions on the
plane (k, r; Fig. 3). From this analysis we also conclude
that, for » > 1, the bifurcation point corresponds to r = k
(Eq. 28). For this condition, the period of sustained oscil-
lations is given by Eq. 29.

Numerical results and discussion

For illustrative purposes, we performed numerical simu-
lations of Models I and III for a hypothetical microorgan-
ism or for mitochondria performing active (i.e., mediated
by system 1 and the accessory electrogenic system EL,
Fig. la) and passive (i.e., mediated by systems 2 and 3)
transport of protons across the membrane. Model II is not
taken into consideration because, as concluded above, it
is not capable of exhibiting oscillatory behavior. Because,
as also remarked above, the models are not intended to
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Table 1 Numerical values of the parameters

Model 1
oAy = 1075 71 o =0.7s""
8o = 1074 57! 5, =24 x 10> mol™! em® s7!
Y = 6.44 x 107'2 mol cm™>
(pHiy, = 8.2)
Model I
k=01s"
bo = 1072 mol cm™3 by =2 x 107%s7!
co = 0.1
do=10""mol cm™> 57! di=2x 1075 57!

Other variables

o =1cm s

1

ny = 10> cm s~ ny = 10° mol™! ecm* s

xo = 1071 mol em™
(pH, = 7.0)

M=5x 10"° mol cm™
(=5 mM)

represent sufficiently complete descriptions of the overall
properties of the mechanisms of energy coupling in mito-
chondria or microorganisms, the participation of other
specific processes (e.g., action of F,F'; ATPases, production
of reactive oxygen species, dynamics of mitochondrial
calcium storage, etc.) has not been considered. The litera-
ture offers several examples of detailed models of the
energetics of mitochondria and microorganisms (see, for
instance, Cristina and Hernandez 2000; Cortassa et al. 2003;
Beard 2005; Bertram et al. 2006). In this respect, the main
objective of the numerical simulations performed here was
to reproduce some of the experimental findings specifically
reported by HWU. To the best of our knowledge, there are
no further studies on mitochondrial oscillations reporting
results obtained under similar experimental conditions to
those employed by these authors. In particular, the simu-
lations performed here intended to reproduce the finding by
HWU that some metabolites (e.g., malate or succinate) can
trigger electrical oscillations in isolated mitochondria.
Other theoretical studies describing mitochondrial oscilla-
tions incorporate the effects of other mitochondrial pro-
cesses, for example the dynamics of calcium storage
(Vergun and Reynolds 2004) or the production of reactive
oxygen species (Cortassa et al. 2004). As mentioned above,
under their experimental conditions, HWU interpreted their
evidence attributing the oscillatory behavior solely to the
interaction between the active and passive transport of
protons.

Choice of numerical values of the variables

To determine the reference state for each model we utilized
the numerical values of the parameters listed in Table 1.

@ Springer

This choice of parameters was based on two restrictive cri-
teria—a mitochondrial pH between 7 and 9 (corresponding
to y* between 10'° and 10~'? mol cm™?) and a potential
difference V,, across the membrane between 0.10 and
0.20 V. These values fall within the range of those typi-
cally found in mitochondria and diverse microorganisms
(Tedeschi 1974; Miller and Koshland 1977; Brand and
Felber 1984; Chen 1988; Nicholls and Budd 2000). In
addition, another aspect considered here is that the parame-
ters chosen should yield oscillatory behavior similar to that
experimentally encountered by diverse authors (Cortassa
et al. 2004; Vergun and Reynolds 2004; Hattori et al. 2005).
From the available evidence, we imposed a period of ~60 s
for the sustained oscillations triggered by the metabolite M at
a concentration of 5 mM. This value corresponds to a fre-
quency that falls within the range of those reported by those
authors. Finally, we considered that the reference external
concentration of the cation would be x, = 107 mol cm ™,
corresponding to an external pH = 7.

For the particular case of Model III, we also imposed a
time unit s for the original model equal to 1 s (yielding a
time unit & for the non-dimensional model equal to oy, cf.
Eq. 13). This and the above restrictions imply the follow-
ing for Model III (cf. Egs. 13 and 15):

/(6 —ay) =10 "'molcm ™
ays = h. (16)

From Egs. 13, 15 and 16, we obtain the following
expressions for the original parameters of Model III:

«=10""h(r — 1)molcm>s™!

B=10"nk/(r — 1)mol ' cm?s™!

y=10"/(r — 1) mol ' cm? (17)
6 =hrs™!

From the above assumptions we obtained, from Egs. 16
and 17, the numerical values for the parameters of Model
IIT shown in Table 1. Figure 4 shows the dependence of the
steady state values of pH; and V,, on the concentration of
the metabolite (M) for the particular case of Model III. On
the one hand, an increase in M causes an increase in o
(Eq. 11) and correspondingly, a decrease in the steady state
value of y (Eq. 12). As a consequence, the intracellular pH
increases (Fig. 4). A decrease in y* would, in turn, cause,
by itself, a decrease in the membrane potential (Eq. 2).
However, because, on the other hand, 7, increases with M
(Eq. 3), the two effects can be balanced. For the particular
set of numerical values employed in this study, for the
interval explored the membrane potential increases with M
(Fig. 4), in agreement with experimental evidence and with
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Fig. 4 Dependence of the steady state values of the internal pH and
membrane potential V;,, on the concentration of the additional
metabolite M, for Model III. The plots were obtained by employing
Egs. 2, 11, and 12 and, except for M, the numerical values of the
parameters shown in Table 1

the properties of more explicit models of energy coupling
in the membranes of microorganisms or mitochondria
(Cristina and Hernandez 2000).

Effect of M on the dynamic properties
of Models I and III

For the dynamic simulations, Eq. 4 (Model I) or Eq. 10
(Model IIT) were integrated numerically, using the Runge—
Kutta fourth order method and, unless otherwise stated, the
numerical values of the parameters listed in Table 1. The
initial values of the variables for the simulations of Model I
were given by:

Employing Eq. 18 and the numerical values listed in
Table 1, the reference condition for Model I is given by
y* = 10""" mol cm™® (corresponding to an internal
pH =8.0) and V,* =0.166 V. For this model, the
simulated oscillations were triggered by incorporation of
M at the corresponding concentration.

For Model 111, the initial values for the simulations were
x(t=0)=x*% y(t=0)=y*(1 — Ay), and V,(t=0) =
Vn*, where the asterisk (¥) denotes the corresponding
steady state and where the perturbation Ay that triggered
the oscillations was considered to be proportional to M
(Ay = 10°M). The proportionality factor employed (10°)
was arbitrarily chosen to yield good numerical approxi-
mations to the experimental results. Under reference con-
ditions (Table 1), the numerical values considered for
Model III yield the results:

1 k=r=110, indicating the existence of sustained
oscillations with a frequency equal to 1 min~' (cf.
Fig. 3 and Eq. 29);

2 y*=09.17 x 107"”mol ecm™ (corresponding to an
internal pH = 8.05); and

3 V¥ =0.164 V.

It should be noted that the reference values for the
internal pH and V,, are similar for the two models.

For both models, the frequency of the oscillations was
directly determined from the numerical simulations. For
the particular case of Model III, these frequencies were in
fair agreement with those predicted from the theoretical
analysis (Eq. 29).

Figure 5 shows the oscillatory behavior of Models I and
IIT under the reference conditions (Table 1). As can be
seen, for the numerical values of the parameters chosen,

0,18

0,17 4

0,16

. . 015 . .
400 600 = 0 200 400 600

<

0,18

0,17

0,16 +

¥ = aoxo/d0and V= (RT/F) In (noy*/ g Xo)- (18)
Fig. 5 Dynamic behavior of 83
Model I (a and b) and Model III A
(¢ and d) in the presence of M at 8.2 1
a concentration of 5 mM. 811
The plots show sustained '
oscillations in internal pH 80 4
(a and ¢) and V,, (b and d),
obtained by numerical 7.9
integration of Eqs. 4 (a and b)
and 10 (c and d) and employing 78 T
the numerical values of the T 0 200
parameters shown in Table 1 2
(see the main text for further 83
details) C
8,2
8,1
8,0 4
7.9 |
78 T
0 200

T 0,15 - T T
400 600 0 200 400 600

time (sec)
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0,8 i

Model lll

0.4 1 ]
L Model |

frequency (min-1)

0,2 1 i

0,0 T T T
0 1 2 3 4 5
M (mM)

Fig. 6 Dependence of the oscillatory frequency on M, for Models 1
and III. The symbols correspond to results directly determined from
the numerical simulations employing, except for M, the values of the
parameters in Table 1. The curve for Model III was obtained from
solution of Eq. 29

both models are capable of exhibiting analogous oscillations
in internal pH and membrane potential, consistent with the
experimental evidence (HWU). In particular, for both models
the oscillatory frequencies were similar and also consistent
with the experimental findings of these authors.

In subsequent studies of the dependence of the oscilla-
tory frequencies on the concentration of the metabolite (M)
and the external pH (pH,), the results of the numerical
simulations of Models I and III were also compared with
those obtained from the experiments by HWU. The
dependence of the frequencies on M is shown in Fig. 6. In
the two models the oscillation frequency increases with M,
in agreement with the experimental evidence (HWU).
Comparison of the results of the simulations (Fig. 6) with
those obtained by these authors leads to the conclusion that
Model III yields a significantly better approximation. For
Model I a linear dependence can be observed; this does not
reproduce the experimental evidence in the range of M
values explored. The fact that the more complex Model III
assumes that M affects more variables than in Model I (cf.
Egs. 5 and 11) suggests that further effects of M should be
considered apart from the increase in the pumping rate J.

Figure 7 shows the dependence of the oscillatory fre-
quencies on external pH (pH,). Although, in general
agreement with the experimental evidence, in the two
models the frequency increases with external pH, neither
provides a very good approximation of the experimental
results obtained by HWU. Nevertheless, the approximation
obtained with Model III is somewhat better, once again
suggesting that further effects on the model variables
should be taken into consideration.

Taken together, the results of the numerical simulations
of the models show, in general terms, that Models I and III
both have properties consistent with the experimental

@ Springer
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Fig. 7 Dependence of the oscillatory frequency on external pH (pH,,
obtained from x,), for Models I and III. The symbols correspond to
results directly determined from the numerical simulations employ-
ing, except for x,, the values of the parameters in Table 1. The curve
for Model III was obtained from solution of Eq. 29

evidence obtained by HWU about the appearance of elec-
trical oscillations in isolated mitochondria. In this respect,
it is interesting to note that the models only consider events
related to the passive and active transport of protons as
means of explaining the experimental data, in agreement
with the interpretations made by those authors. The fact
that the somewhat more involved Model III is capable of
yielding better approximations to the experimental findings
suggests that interpretation of the oscillatory behavior may
require consideration of further effects than the elementary
ones assumed in Model I. Although, as already mentioned, the
effects of concurring mitochondrial processes (i.e., production
of reactive oxygen species, mitochondrial calcium storage,
etc.) were not taken into consideration, further refinements of
the models should also include their possible roles in the
triggering and modulation of the oscillations.

Other dynamic effects

We explored further numerical properties of the models
which may enable the proposal of experimental maneuvers
to test their accuracy. In this respect, we performed simu-
lations to mimic the effects of inhibitors of ion conductance
and active transport, for the reference value of M (5 mM,
Table 1). For Model I we can see in Fig. 8a that simulta-
neously decreasing the two proton conductances, o and of
(Egs. 5) results in increases in both internal pH and the
oscillatory frequency. The increase in pH is associated with
a decrease in the intracellular concentration of protons (i.e.,
in y, cf. Eq. 18) whereas the increase in the oscillatory
frequency is similar to that determined by an increase in
external pH (cf. Fig. 7). For Model I1I, overall inhibition of
the proton conductance was simulated by simultaneously
decreasing x, by, and b; (Eq. 11). The results (not shown)
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Fig. 8 Effect of decreases in o (a) and 6 (b) on internal pH and
oscillatory frequency for Model 1. The symbols correspond to results
directly obtained from Eq. 18 (for internal pH) or from numerical
simulations (for frequency). Except for the modified parameters, the

reveal that the decrease in those parameters determines,
similarly to the case of Model I, an increase in the internal
pH that can be interpreted with the aid of Eqgs. 11 and 12.
In addition however, that decrease determines the gradual
evolution of Model III towards instability, a result that can
be interpreted by demonstrating that the ratio k/r (Eq. 13)
becomes progressively smaller (cf. Fig 3).

Figure 8b shows that, for Model I, the simultaneous
decrease in the two components of the active proton
transport rate, d, and 5(1) (Eq. 5), determines a decrease in
both the internal pH and the oscillatory frequency. The
smaller pumping rate is the cause for the decrease in the
internal pH, as can be interpreted from inspection of
Eq. 18. The decrease in the oscillatory frequency is similar
to that obtained by reducing the concentration of M
(Fig. 6). For Model III, analogous inhibition of d;, and &
(Eq. 11) causes (results not shown), similarly to the case of
Model I, a decrease in the internal pH that can be inter-
preted with the aid of Eqgs. 11 and 12. In addition, the
decrease in the pumping rate determines the gradual evo-
lution of Model III towards non-oscillatory stability, a
result that can be interpreted by demonstrating that the
ratio k/r (Eq. 13) becomes progressively larger (cf. Fig 3).

Taken together, the results in this section provide ele-
ments for further testing the validity of each model and
distinguishing between them. To the best of our knowl-
edge, there is still no available experimental evidence with
which to test these theoretical results.

Conclusions
In this study we have introduced two relatively simple

dynamic models (Model I and Model III) of electric potential
oscillations in non-excitable membranes. The models
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numerical values employed were those in Table 1. For each case,
the parameters were modified according to the formula: activity
factor x parameter. For o (8), both oy (dg) and a; (d;) were
simultaneously modified to the same extent (Eq. 5)

primarily describe modification of the internal concentration
of an ionic species mainly responsible for generation of the
membrane potential. Depending upon the values chosen, the
two models can yield oscillations in the ion concentration
and, consequently, in the membrane potential. The models
were constructed following interpretations of experimental
findings in mitochondria and are plausible kinetically and
mechanistically. Model I assumes that one component of the
proton conductance is triggered in response to matrix alka-
linization whereas Model III is a continuous model in which
the oscillatory behavior depends on the existence of positive
feedback regulation of the proton conductance by the matrix
protons. Under reference conditions (i.e., conditions repro-
ducing standard experimental findings) the two models yield
similar oscillatory behavior. Modifications of these condi-
tions and simulation of other effects enables prediction of
different dynamic behavior of the two models, a fact poten-
tially useful for establishing their accuracy in the interpreta-
tion of experimental data. Although in this study the models
were mainly intended to reproduce findings about electric
potential oscillations in mitochondria, they could also be used
to represent electrical oscillations associated with calcium
oscillations in mitochondria or other cellular systems,
because several calcium channels have also been reported to
undergo calcium modulation.
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Appendix 1: A simple kinetic model of a cation pump

Figure 2a depicts a simple kinetic diagram of the active
transport mediated by system 1 (Fig. la), in which the

@ Springer
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transport of y is coupled to the reaction § < P. From
analysis of this kinetic diagram, the net flux of transport J,
in the y — x, direction is given by:

Jp = (Np/Zp) (u01v10Sy — ulovaxo), (19)
with Xy = w10 + vio + u1Sy + vor Px,.

In these expressions, N, is the total membrane density of
the enzyme; ugy, vi0, 410, and vy are rate constants (cf.
Fig. 2a), and S, P, x,, and y are the concentrations of the
corresponding species. If the process operates in an
irreversible fashion, J,, will be given by:

Ty = (Np/Zp) (u01v10SY).- (20)

Equation 20 can be identified with the term [dy/(1 + yy)]
of Models IT and III (Egs. 6 and 10, respectively), with ¢ and
7 given by:

0 = (Npuo1vioS)/ (w10 + vio + vor Px,) and

21
y = (u1S)/ (10 + vio + vor Pxo). @1)

Note that under some of the conditions in this study
substrate S can be metabolite M.

Appendix 2: Derivation of expressions for the feedback
effect of y from analysis of explicit kinetic models of
channel activation and inactivation

Explicit kinetic schemes for the portion of ion transport
mediated by system 3 (Fig. 1a) are shown in Fig. 2b, c.
These kinetic models represent simple cases of channel
activation (Fig. 2b) and inactivation (Fig. 2c) by the
transported ligand, where the channel pre-exists in two
conformational states, Ny and Ny*, only one of which (Ny)
is capable of performing net ionic transport. For channel
activation (Fig. 2b), the transition from the inactive to the
active state is promoted by the state “y” of the transported
species. From analysis of the kinetic diagram shown in
Fig. 2b, the net flux J of transport of the cation in the
x — y direction is given by:
J = (Np/Z) (k()]ll()xy — k]()l()lyz). (22)
In Eq. 22, N is the total density of the channel; p, g, ko1,
l10, k10, and [y, are rate constants (cf. Fig. 2b); x and y are
the concentrations of the corresponding species, and X is
the sum of all the directional diagrams of the model, given
by:
X = (p+q) (ho+ ko) +py(lory + ko1x).

If the system operates irreversibly under conditions far
from saturation, Eq. 22 can be approximated by:

J = [(Npk()lll()/q)/(llo + klo)]xy. (23)

@ Springer

Equation 23 is formally analogous to the term pfxy
included in Model III (Eq. 10), with f§ given by (Npko; 11o/q)/
(l1o + kio)-

For channel inactivation by the transported species
(Fig. 2¢), y promotes the transition from the active (Ny) to
the inactive state (Ny*). The net flux of transport J in the
x — y direction is now given by:

J = (Ns/Z) (koiliox — kiolo1y)- (24)
where the symbols have analogous meanings to the
previous case (cf. Eq. 22). The term X is now given by:
2 = s(lo + kio + koi1x) + y[slor + r(kio + L10)]-

If the system operates under irreversible conditions and

if the term s ky; x can be neglected, Eq. 24 can be
approximated by:

J = (NS/Z) (ko]ll()x) (25)
with X = s(l10 + k10) + y[slor + r(kio + lo)]-

Equation 25 is formally analogous with the term fx/
(1 + ¢y)included in Model II (Eq. 6), with f# and ¢ given by:

B = (Nskoil10)/s(lio + k10) and (26)
¢ = [slo1 + r(kio + Lio)]/s(Lio + kio)-

Appendix 3: Stability analysis of model II

The eigenvalues 4, , of the characteristic equation of the
linear approximation to the model given by Eq. 8 are
Ma=—0/2+AY%)2,
with:
0=(k+r)(r—1)/r and

(ktr)(r=1)fr o
A=[k—=r)r—1)/r]+4k/r)(r—1).

Because 4 is necessarily positive, Model II is not capable
of exhibiting oscillatory behavior.

Appendix 4: Stability analysis of model III

The eigenvalues 4;, of the characteristic equation of the
linear approximation to the model given by Eq. 14 are
Ma=—0/2+AY%)2,
with:
0=—k/(r—1)+(r—1)/r and

: [r=D)+(r=1)/ (28)
A=0"+4k/r)(1 —r).

If r>1, 0=1— (ki) and 4 =[1 — (kI"))* — 4k. If
k=r, 0=0, and A4 = —4k. Therefore, under this
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condition, because k is necessarily positive, sustained
oscillations occur with the period T given by:

T =2n/k'/? (29)
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